The paper describes the response of a thin elastic cantilever beam excited by a known harmonic displacement at its base. The principal moments of the beam cross-sectional area are equal and the base excitation is in one of the principal directions. If the excitation frequency is slightly less than the resonant frequency of one of the bending modes, planar motions of the beam are unstable and an out-of-plane component of displacement develops. With this motion, the free end of the beam moves in an ellipse while the base motion is planar. Increasing the frequency to a value just a•ove resonance causes the motion to become planar again. This whirling is a result of nonlinear coupling between the in-plane and out-of-plane displacements through the axial inertia. The paper presents the governing equations, develops the frequency-amplitude relations for the whirling response and examines the stability of the response. It is shown all whirling motions are stable and the frequency range for which whirling occurs increases with the level of excitation. Also it is shown for a given level of excitation, the frequency range broadens with increasing mode number.
INTRODUCTION
In 1948, in a letter to the editor, Harrison 1 noted that when a thin tungsten wire, fixed at both ends, was excited by a harmonic force near the wire's resonant frequency, it was impossible to obtain planar motion. Near resonance, motions perpendicular to the plane of forcing would develop and the wire would whirl. In all of these investigations, the nonlinear whirling phenomenon was a result of the string tension varying as a function of the lateral displacements. Linear theory assumes the string does not stretch and the tension is constant. This assumption is valid for small displacements, but near resonance the displacements are large and the tension change is significant. Using Hooke's Law and allowing for stretching in this string, the ten- Compared to the work with strings, very little has been done regarding the whirling response of beams or rods. Haight and King lø studied the whirling motion of circular and nearly circular cantilever rods excited by a known harmonic displacement at their base. They predicted the excitation frequencies for which the whirling motion would occur. They found that if the excitation frequency was well below the resonant frequency of the first planar bending mode, the motion was planar. As the frequency increased, the planar displacement of course increased. However, as the excitation frequency increased to a value just below resonance, the beam would start to whirl. The whirling would continue as the excitation frequency was increased past resonance. At some value of frequency just above the planar resonant frequency, the motion would again become planar. As the frequency was increased further, the planar amplitude would decrease until the second resonant condition was approached. The whirling phenomenon would begin and end as the second resonant frequency was passed. They studied this phenomena for the first three modes and the predictions of the frequency interval for whirling agreed quite well with their experimental resuits. They made no attempt to study the whirling it- It is the purpose of this paper to use their equations to investigate the whirling response of an undamped base-excited cantilever rod. The paper presents the governing equations and briefly reviews the planar solutions to those equations. The frequency-amplitude relations for the in-plane and out-of-plane components of the whirling motion are then developed. Finally, the stability of the whirling motion is studied. The paper considers only beams with equal principal crosssectional inertias, e.g., round or square cross-sectioned beams, and excitation in one of the principal direc- 
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The v coordinate can be conveniently transformed by v(S,t)=•(S,t) +ecoswt ,
where • is the v displacement over and above the rigid body effect due to base translation and w is the excitation frequency. This transformation involves only Eq. (5) with i)( s , t) = s , t) -eo cosot.
Equation (4) can be integrated once, with respect to S, and using the condition of no axial force on the free end of the cantilever, the integration yields
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Equations (13) and (14) are the equations to be solved to determine the whirling response.
II. SOLUTION TECHNIQUE
Since whirling occurs near the beam's resor•ant frequencies, the spatial shape during whirling is strongly influenced by the mode shapes of the linearized problem. Equations (13) and (14) can thus be reduced to ordinary differential equations using Galerkin's method and a one-re rm solution of the form (14) 
•(s,t) = •.(t)x(s) , (•5) w(S,t)--Ta(t)X(S) ,
b2 =0.
The stability of the planar solution to in-plane perturbations is determined by substituting T2 =a2cos(r) + b2sin(r) + 52(r), 
•3 = assin(*) + bacøs(*) 
b2=ba=0.
Equations ( 
The characteristic exponent, X, can be used to study the stability. Substituting Eqs. (45) and (46) 
